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The modern theory of dynamical systems traces its origins to the late nineteenth cen-
tury with the pioneering work of Henri Poincaré, who explored the dynamics of the
three-body problem in celestial mechanics. Traditionally, most studies have focused on
autonomous systems, where the governing rules remain invariant over time. However,
many real-world processes are inherently non-autonomous, with dynamics that evolve
under time-dependent rules. To more accurately model these processes, it is essential
to consider systems with time-varying behavior.

Qualitative analysis of non-autonomous dynamical systems (NADS) was first stud-
ied by Kolyada and Snoha [KST96] in 1996. In [KST96], the authors investigate the
topological entropy of NADS. Later in [KST04], the authors discuss minimality con-
ditions for NADS. In [BO12|, authors investigate dynamical notions such as Li-Yorke
chaos, topological weak mixing, and topological entropy for a general non-autonomous
dynamical system. These contributions have attracted many researchers in the qualita-
tive analysis of non-autonomous dynamical systems, for instance, see [Dvol2, SR18b,
LC17, Ste15,MMASI8),[SR18a]. Although progress has been made in studying discrete-
time non-autonomous systems, numerous fundamental questions remain open in this
setting.

In this thesis work, we present a comprehensive study of the qualitative analysis
of non-autonomous discrete systems, with a focus on their asymptotic behavior under
various dynamical properties. We begin by investigating some dynamical notions such
as minimality, almost periodicity, and equicontinuity for general non-autonomous sys-
tems on compact metric spaces as a phase space. Further, we explore various notions
of proximality, such as syndetic, regional, and regionally syndetic proximality. We pro-
vide a sufficient criterion for proximal and syndetically proximal relations to coincide in
anon-autonomous system. We also discuss various proximal notions in product spaces.

In the setting of topological flows, the notion of the enveloping semigroup plays a
central role in understanding long-term dynamical behavior [EL60, E1193, EN89]. Mo-
tivated by this, we introduce an analogous notion for non-autonomous systems, which
we call an enveloping cover, though it does not inherit a semigroup structure in the
non-autonomous setting. Before delving into the dynamics of non-autonomous sys-

https://iitj.ac.in/mathematics/ 1


https://iitj.ac.in/mathematics/

tems via this construction, we first examine the classical case: we explore the envelop-
ing semigroup of a topological flow and study the induced flow it supports. We then
relate various dynamical properties of the original flow to those of the induced flow
on its enveloping semigroup. With this foundation, we return to the non-autonomous
setting and investigate the structure of the enveloping cover. In particular, we establish
the equivalence of equicontinuity and distality for non-autonomous systems on the real

line using the enveloping cover, and further demonstrate how several topological prop-
erties of the enveloping cover reflect the dynamics of the underlying non-autonomous

system.
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